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Set-theoretic solutions of the Yang–Baxter equation,
associated quadratic algebras and the minimality condition∗
F. Cedo´ E. Jespers J. Oknin´ski
Abstract
Given a finite non-degenerate set-theoretic solution (X, r) of the Yang-Baxter equation and a
fieldK, the structureK-algebra of (X, r) is A = A(K,X, r) = K〈X | xy = uv whenever r(x, y) =
(u, v)〉. Note that A = ⊕n≥0An is a graded algebra, where An is the linear span of all the ele-
ments x1 · · ·xn, for x1, . . . , xn ∈ X. One of the known results asserts that the maximal possible
value of dim(A2) corresponds to involutive solutions and implies several deep and important
properties of A(K,X, r). Following recent ideas of Gateva-Ivanova [21], we focus on the mini-
mal possible values of the dimension of A2. We determine lower bounds and completely classify
solutions (X, r) for which these bounds are attained in the general case and also in the square-
free case. This is done in terms of the so called derived solution, introduced by Soloviev and
closely related with racks and quandles. Several problems posed in [21] are solved.
1 Introduction
Drinfeld [16] in 1992 initiated the investigations of the set-theoretic solutions of the Yang-Baxter
equation on a non-empty set X . Let (X, r) be a quadratic set, that is, r is a bijective map r :
X × X → X × X . For x, y ∈ X we put r(x, y) = (σx(y), γy(x)). One says that (X, r) is non-
degenerate if all the maps σx and γy are bijective and (X, r) is said to be involutive if r
2 = id.
If
r1r2r1 = r2r1r2,
where r1 = r × idX and r2 = idX ×r are maps from X3 to itself, then (X, r) is said to be a braided
set. A braided set also is said to be a set-theoretic solution of the Yang-Baxter equation (see [17, 24]).
Many fundamental results in this area have been obtained by Etingof, Schedler and Soloviev,
Gateva-Ivanova and Van den Bergh, Lu, Yan and Zhu; we refer the reader to [17, 24, 34, 40]. In [17]
Etingof, Schedler and Soloviev and in [24] Gateva-Ivanova and Van den Bergh introduced the follow-
ing algebraic structures associated to a set-theoretic solution (X, r): the structure group G(X, r) =
gr(X | xy = uv if r(x, y) = (u, v)), the structure monoid M(X, r) = 〈X | xy = uv if r(x, y) = (u, v)〉
and, for a field K, the structure algebra A(K,X, r). The latter is the K-algebra generated by X
with the “same” defining relations as the monoid M(X, r). Clearly A(K,X, r) = K[M(X, r)], a
monoid algebra. Of course, to define all these algebraic structures it is sufficient that (X, r) is a
quadratic set.
The investigations have intensified since the discovery of new algebraic structures that are related
to a set-theoretic solution and that determine all non-degenerate bijective (involutive) solutions on
a finite set (see for example [4, 5, 25, 36]). Namely, to deal with involutive non-degenerate solutions
Rump [36] introduced the algebraic structure called a (left) brace and to deal with arbitrary non-
degenerate solutions Guarnieri and Vendramin [25] extended this notion to that of a skew brace. In
recent years skew braces have lead to new methods that gave progress in the area of the Yang-Baxter
equation, in particular allowing to construct several new families of solutions [3, 6, 7, 13, 38], but also
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2017SGR1725 (Spain). The second author is supported in part by Onderzoeksraad of Vrije Universiteit Brussel
and Fonds voor Wetenschappelijk Onderzoek (Belgium). The third author is supported by the National Science
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allowed to answer some questions in group and ring theory; see for example Bachiller [2], Bachiller,
Cedo´ and Vendramin [8], Catino, Colazzo and Stefanelli [10], Childs [15], Lebed [31], Smoktunowicz
[37], Smoktunowicz and Vendramin [39].
Suppose (X, r) is a finite quadratic set. Since the defining relations are homogeneous, the struc-
ture algebra A = A(K,X, r) is quadratic and has a natural gradation (by length of elements in
M(X, r)) and clearly A is a connected graded K-algebra. So, A = ⊕n≥0An is generated by
A1 = spanK(X) and each An is finite dimensional. For more information on quadratic algebras
we refer to [35].
In the last two decades there was an intense study of monoids, groups and algebras associated with
involutive quadratic sets, see for example [11, 12, 18, 19, 20, 22, 27]. An important particular case
of these are the structure monoid and algebra of an involutive non-degenerate set-theoretic solution
(X, r) of the Yang-Baxter equation [17, 24]. In this case, if X is finite of cardinality n, then there are
n singleton orbits and
(
n
2
)
orbits of cardinality 2 in X2 under the action of the group 〈r〉 (we simply
call them r-orbits) and dimA(K,X, r)2 = n+
(
n
2
)
. Moreover, the structure algebra A(K,X, r), over
a field K, shares many of the properties of the polynomial algebra K[x1, . . . , xn]. In particular, it is
a domain, it satisfies a polynomial identity and it has Gelfand-Kirillov dimension n. The structure
monoid M(X, r) is embedded in the structure group G(X, r) = gr((x, σx) | x ∈ X) ⊆ Z
n
⋊ SymX ,
where SymX acts naturally on the free abelian group Z
n of rank n. Also, in this case, the structure
group G(X, r) is solvable, torsion-free and a Bieberbach group with a free abelian subgroup of rank
n of finite index.
Gateva-Ivanova and Majid [23], Guarnieri and Vendramin in [25], Lebed and Vendramin in [33]
and Bachiller in [4] continued the study of the structure of M(X, r) and G(X, r) for arbitrary finite
non-degenerate braided sets (X, r) initiated by Lu, Yau and Zhu in [34] and Soloviev in [40]. Such
solutions were linked to self distributive solutions (abbreviated SD) in [17, 33, 34, 40]. Recall from
[21] that a quadratic set (X, r) is said to be SD if all γy = id, that is r(x, y) = (σx(y), x), for x, y ∈ X .
Recall that a rack is a set X with a binary operation ⊳ such that x⊳ (y⊳ z) = (x⊳ y)⊳ (x⊳ z),
for all x, y, z ∈ X , and the maps y 7→ x⊳y are bijective for all x ∈ X . Racks are related with pointed
Hopf algebras [1]. A quandle is a rack (X,⊳), such that x ⊳ x = x for all x ∈ X . Quandles were
introduced by Joyce in [29] and provide an important tool in knot theory (see for example, [9, 32]).
It is known and easy to prove that (X, r) is a non-degenerate SD braided set if and only if (X,⊳) is
a rack, where x ⊳ y = σx(y) for all x, y ∈ X . Furthermore, quandles correspond to non-degenerate
square-free SD braided sets.
Given a non-degenerate braided set (X, r), Soloviev in [40] introduced its derived solution (X, r′)
as follows. Write r(x, y) = (σx(y), γy(x)) for all x, y ∈ X . Then
r′(x, y) = (γx(σγ−1y (x)(y)), x)
for all x, y ∈ X . Put σ′x(y) = γx(σγ−1y (x)(y)) for x, y ∈ X . Then, for all x, y ∈ X ,
r′(x, y) = (σ′x(y), x)
and (X, r′) is a non-degenerate SD braided set (see [40, Theorem 2.3]). The structure monoids
M(X, r) and M(X, r′), as well as their respective algebras, are strongly related (see [26, Proposi-
tion 1.4]). Indeed, there exists an action θ : M(X, r) → Aut(M(X, r′)) and a bijective 1-cocycle
φ : M(X, r) −→ M(X, r′) with respect to θ, that is, φ(ab) = φ(a)θ(a)(φ(b)) for a, b ∈ M(X, r),
satisfying θ(x)(y) = σx(y) and φ(x) = x (for all x, y ∈ X). Furthermore, φ is degree preserving and
f(x) = (φ(x), θ(x)) for x ∈M(X, r) defines an injective monoid morphism
f :M(X, r) −→M(X, r′)⋊Aut(M(X, r′)).
In particular,
M(X, r) ∼= f(M(X, r)) = {(φ(a), θ(a)) | a ∈M(X, r)} ⊆M(X, r′)⋊Aut(M(X, r′)).
Suppose that (X, r) is a finite non-degenerate braided set. PutM =M(X, r) andM ′ =M(X, r′).
Both monoids are graded monoids (graded by the length of elements). So, M =
⋃
mMm, where
2
Mm denotes the set of elements of M of length m. Similarly, M
′ =
⋃
mM
′
m. Clearly, the structure
algebras A = A(K,X, r) = ⊕m≥0Am and A′ = A(K,X, r′) = ⊕m≥0A′m are connected graded
K-algebras with
dim(Am) = dim(A
′
m) = |Mm| = |M
′
m|,
for all non-negative integers m. In particular, dim(A2) = dim(A
′
2) is the number of r-orbits in X
2
and the number of r′-orbits in X2. In the monoid M ′ = M(X, r′) we have that M ′a = aM ′ for all
a ∈ M ′. Hence |M ′2| is at most the number of words of length 2 in the free abelian monoid of rank
|X | = n. Thus
dimA2 ≤ n+
(
n
2
)
.
It is easy to describe when this upper bound is reached; we call this the maximality condition
for A(K,X, r) (and M(X, r)). For this, denote by O(x,y) the r
′-orbit of (x, y) ∈ X2 and assume
dimA2 = n +
(
n
2
)
. Then n2 =
∑n+(n2)
i=1 |O(xi,yi)|, for some (xi, yi) ∈ X
2. One clearly has that
r′(x, y) = (σ′x(y), x) 6= (x, y) if x and y are distinct elements in X . Hence, for such elements
|O(x, y)| ≥ 2. Thus, if there are m orbits with one element, then n ≥ m and
n2 ≥ m+ 2(n+
(
n
2
)
−m) = n(n+ 1)−m = n2 + n−m.
Hence, n = m and thus |O(x,x)| = 1 for all x ∈ X , and all other orbits have precisely 2 elements.
Therefore r′ is involutive and each σx = id, that is, M(X, r
′) is the free abelian monoid of rank n.
So, the maximality condition holds precisely when r′ is involutive and M(X, r′) is the free abelian
monoid of rank |X |. The following result is a consequence of Theorem 4.5 in [26].
Theorem 1.1 Let (X, r) be a finite non-degenerate braided set and K a field. The following prop-
erties are equivalent: (1) A(K,X, r) satisfies the maximality condition, that is dim(A(K,X, r)2) =(
|X|
2
)
+|X |; (2) (X, r) is involutive; (3)M(X, r) is a cancellative monoid; (4)M(X, r′) is free abelian;
(5) A(K,X, r) is a prime algebra; (6) A(K,X, r) is a domain; (7) clKdim(A(K,X, r)) = |X |; (8)
GKdim(A(K,X, r)) = |X |.
This result confirms that for a finite non-degenerate braided set (X, r) the maximality condition
is determined by strong properties on the set-theoretic solution (X, r) and, equivalently, on the
algebra A(K,X, r).
Note that the structure of A(K,X, r) has been extensively studied for finite quadratic sets (X, r)
provided r is involutive and for each x ∈ X there exists a unique y such that r(x, y) = (x, y) (see
for example [11, 12, 14, 19, 22, 27, 28]). In this case, dim(A(K,X, r)2) =
(
n
2
)
+ n, where |X | = n.
If (X, r) is also non-degenerate, then the monoid M(X, r) is called quadratic monoid in [28]. If,
furthermore, (X, r) is square-free then the monoid M(X, r) is called of skew type in [27].
In [21], Gateva-Ivanova introduced a ‘minimality condition’ for a finite non-degenerate braided
set (X, r), with a focus on square-free sets. In other words, she proposed to consider the case where
dimA2 is smallest possible. Several interesting questions are posed concerning the lower bound on
dimA2 and its impact on the combinatorial properties of (X, r). By analogy with the maximality
condition, one is tempted to expect that this can also lead to nontrivial structural properties of
the solution (X, r) and of its associated algebraic structures (monoids, groups and algebras). This
viewpoint turned out to be fruitful also in other contexts of the theory of quadratic algebras, see
Sections 6.4 and 6.5 in [35].
In this paper we answer several of the questions posed in [21]. Our approach relies on a reduction
to SD braided sets, based on the recent result in [26], described above. The main focus is on finding
the exact lower bounds on dim(A2) and then on characterizing all sets (X, r) for which these bounds
are realized.
We list the main results of the paper. First, we show in Example 3.1 that there exists a finite
non-degenerate quadratic set (X, r) such that dim(Am) = 1, for all m > 1; so, in particular,
GKdim(A) = 1.
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If, furthermore, (X, r) is a braided set then we prove in Theorem 3.3 that dim(A2) ≥
|X|
2 .
Moreover, we describe explicitly all cases when the lower bound |X|2 or
|X|+1
2 (depending on whether
|X | is even or odd) is reached, in terms of the derived solution (X, r′). In particular, this answers
Question 3.18(1) in [21]. As a consequence, it follows in these cases that the solution (X, r) is
indecomposable.
One of the main cases that arises in this context is when (X, r′) is the braided set associated to
the so called dihedral quandle. We discuss this case in detail in Section 4, also in the context of the
impact of the size of A2 on the growth function of the algebra A.
For square-free non-degenerate quadratic sets (X, r) it is easy to see that |X |+ 1 is the smallest
possible value of dim(A2). In Example 5.1 we present a construction with dim(Am) = |X |+ 1 for
all m > 1; so that GKdim(A) = 1 also in this case.
Let (X, r) be a finite square-free non-degenerate braided set. In Theorem 5.2 we prove that
dim(A2) ≥ 2|X | − 1. Then the main result of Section 5, Corollary 5.6, shows that this lower bound
is achieved if and only if the derived set (X, r′) is of one of the following types:
1. |X | is an odd prime and (X, r) is the braided set associated to the dihedral quandle,
2. |X | = 2 and (X, r) is the trivial braided set, that is r(x, y) = (y, x) for all x, y ∈ X ,
3. X = {1, 2, 3} and σ1 = σ2 = id, σ3 = (1, 2).
In particular, this answers another problem of Gateva-Ivanova (Question 3.18(2) in [21]). Note
that the dihedral quandles of cardinality an odd prime are simple quandles (see [30]). Thus this also
answers Open Questions 4.3.1 (1) and (2) in [21]. On the other hand, the non-singleton orbits in X3
under the action of the group 〈r1, r2〉 in the above type (3) have not the same cardinality. In fact,
|O(1,1,3)| = 12, |O(1,3,3)| = 6 and |O(1,1,2)| = |O(1,2,2)| = 3. Therefore this answers in the negative
Open Question 4.1.2 in [21].
We conclude with a solution of Problem 4.3.2 of [21], concerning the study of all finite 2-
cancellative, square-free SD braided sets (X, r), with r(x, y) = (σx(y), x), such that σ
2
x = id, for
all x ∈ X , that have a given r-orbit in X2 of cardinality |X |; this is done in Proposition 6.2.
2 Preliminaries
In this section we recall some basic notions and we prove certain auxiliary results that are useful
when dealing with r-orbits in X2.
Definition 2.1 A quadratic set is a pair (X, r) of a nonempty set X and a bijective map r : X ×
X −→ X ×X. We will write r(x, y) = (σx(y), γy(x)) for all x, y ∈ X.
Definition 2.2 Let (X, r) be a quadratic set. We say that (X, r) is non-degenerate if the maps σx
and γx are bijective for all x ∈ X. We say that (X, r) is involutive if r2 = idX2 . We say that (X, r)
is square-free if r(x, x) = (x, x), for all x ∈ X. We say that (X, r) is a braided set if
r1r2r1 = r2r1r2,
where r1 = r × idX and r2 = idX ×r are maps from X3 to itself.
A braided set is a set-theoretic solution of the Yang-Baxter equation (see [17, 24]).
Definition 2.3 Let (X, r) be a quadratic set. The monoid associated with (X, r) is the monoid
M(X, r) = 〈X | xy = σx(y)γy(x)〉. We say that (X, r) is 2-cancellative if in M(X, r)
xy = xz or yx = zx implies y = z,
for all x, y, z ∈ X. Let K be a field. The K-algebra associated with (X, r) is the monoid algebra
A(K,X, r) = K[M(X, r)]. For every nonnegative integer i, we define Ai = SpanK{x1 · · ·xi |
x1, . . . , xi ∈ X} in A(K,X, r).
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The monoid M(X, r) and the algebra A(K,X, r) are also called the structure monoid and the
structure K-algebra of (X, r).
Remark 2.4 Note that if (X, r) is a quadratic set then M(X, r) is naturally graded by the length.
Since r ∈ SymX2 , it is clear that xy = zt, in M(X, r), for x, y, z, t ∈ X , if and only if (x, y) and (z, t)
belong to the same r-orbit in X2. Let rm,i : X
m −→ Xm be the map rm,i = id
i−1×r× idm−i−1, for
1 ≤ i < m. Then x1 · · ·xm = y1 · · · ym in M(X, r), for xi, yi ∈ X , if and only if (x1, . . . , xm) and
(y1, . . . , ym) belong to the same orbit of X
m under the action of the subgroup of SymXm generated
by rm,1, . . . , rm,m−1. We will denote the orbit of (x1, . . . , xm) by O(x1,...,xm).
The following result is well-known and its proof is straightforward.
Lemma 2.5 Let (X, r) be a quadratic set. We write r(x, y) = (σx(y), γy(x)) for all x, y ∈ X. Then
(X, r) is a braided set if and only if the following conditions hold.
(i) σxσy = σσx(y)σγy(x),
(ii) γxγy = γγx(y)γσy(x),
(iii) γσγx(y)(z)σy(x) = σγσx(z)(y)γz(x),
for all x, y, z ∈ X.
The next technical result is very useful to study the r-orbits in X2 for non-degenerate braided
sets (X, r).
Lemma 2.6 Let (X, r) be a non-degenerate braided set such that r(x, y) = (σx(y), x) for all x, y ∈
X. Then
1. σ(σxσy)kσ−kx (x) = (σxσy)
kσx(σxσy)
−k,
2. σ(σxσy)kσxσ−ky (y) = (σxσy)
kσxσyσ
−1
x (σxσy)
−k,
3. r2k(x, y) = ((σxσy)
kσ−kx (x), (σxσy)
k−1σxσ
−k+1
y (y)),
4. r2k+1(x, y) = ((σxσy)
kσxσ
−k
y (y)), (σxσy)
kσ−kx (x))
for all non-negative integers k.
Proof. We shall prove the result by induction on k. For k = 0, part (1) obviously holds and part (2)
follows from Lemma 2.5(i). Also part (3) and part (4) are obvious as (x, y) = (x, (σxσy)
−1σxσy(y)) =
(x, y) and r(x, y) = (σx(y), x). Assume now that the result holds for k. Then
r2(k+1)(x, y) = r(r2k+1)(x, y)
= (σ(σxσy)kσxσ−ky (y)(σxσy)
kσ−kx (x), (σxσy)
kσxσ
−k
y (y))
= ((σxσy)
kσxσyσ
−1
x (σxσy)
−k(σxσy)
kσ−kx (x), (σxσy)
kσxσ
−k
y (y))
= ((σxσy)
k+1σ−(k+1)x (x), (σxσy)
kσxσ
−k
y (y))
Hence part (3) follows for k + 1. Furthermore, because of Lemma 2.5.(i),
σ(σxσy)kσxσ−ky (y)σ(σxσy)kσ−kx (x) = σ(σxσy)k+1σ−(k+1)x (x)
σ(σxσy)kσxσ−ky (y).
Hence,
σ
(σxσy)k+1σ
−(k+1)
x (x)
= σ(σxσy)kσxσ−ky (y)σ(σxσy)kσ−kx (x)σ
−1
(σxσy)kσxσ
−k
y (y)
= (σxσy)
kσxσyσ
−1
x (σxσy)
−k
(σxσy)
kσx(σxσy)
−k(σxσy)
kσxσ
−1
y σ
−1
x (σxσy)
−k
= (σxσy)
k+1σx(σxσy)
−(k+1).
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Thus (1) follows for k + 1. Further,
r2(k+1)+1(x, y) = r(r2(k+1)(x, y))
= (σ
(σxσy)k+1σ
−(k+1)
x (x)
(σxσy)
kσxσ
−k
y (y), (σxσy)
k+1σ−(k+1)x (y))
= ((σxσy)
k+1σx(σxσy)
−(k+1)(σxσy)
kσxσ
−k
y (y), (σxσy)
k+1σ−(k+1)x (x))
= ((σxσy)
k+1σxσ
−(k+1)
y (y), (σxσy)
k+1σ−(k+1)x (x)),
and thus part (4) is true for k + 1. Furthermore, because of Lemma 2.5.(i),
σ
(σxσy)k+1σ
−(k+1)
x (x)
σ(σxσy)kσxσ−ky (y) = σ(σxσy)k+1σxσ−(k+1)y (y)
σ
(σxσy)k+1σ
−(k+1)
x (x)
.
Hence,
σ
(σxσy)k+1σxσ
−(k+1)
y (y)
= (σxσy)
k+1σx(σxσy)
−(k+1)(σxσy)
kσxσyσ
−1
x (σxσy)
−k(σxσy)
k+1σ−1x (σxσy)
−(k+1)
= (σxσy)
k+1σxσyσ
−1
x (σxσy)
−(k+1).
Hence part (2) follows for k + 1. Therefore, the result follows by induction.
We will also need the following direct consequence of Lemma 2.6.
Corollary 2.7 Let (X, r) be a square-free non-degenerate braided set such that r(x, y) = (σx(y), x)
for all x, y ∈ X. Then
r2k+1(x, y) = ((σxσy)
kσx(y), (σxσy)
k(x)),
r2k(x, y) = ((σxσy)
k(x), (σxσy)
k−1σx(y)),
for all non-negative integers k.
3 Non-degenerate braided sets
In this section we give a lower bound for the dimension of A(K,X, r)2 for finite non-degenerate
braided sets (X, r) and we describe when this lower bound is achieved.
Let (X, r) be a finite quadratic set. It is clear that if r ∈ SymX2 is any cycle of length |X |
2, then
the number of r-orbits in X2 is 1.
Example 3.1 Let K be a field. Let n > 1 be an integer. Then there exists a non-degenerate
quadratic set (X, r) such that |X | = n and dim(Am) = 1, for all m > 1. In particular, its associated
K-algebra A = A(K,X, r) has GK-dimension 1.
Proof. Let X = {1, 2, . . . , n}. Let r : X ×X −→ X ×X be the map defined by r(x, y) = (σx(y), x),
where
σ1 = σn = (1, 2, . . . , n) and σx = (x, x + 1, . . . , n)
for all 1 < x < n. Note that
(1, 1)
r
7→ (2, 1)
r
7→ (1, 2)
r
7→ · · ·
r
7→ (1, n− 1)
r
7→ (n, 1)
r
7→ (2, n)
r
7→ (2, 2)
r
7→ (3, 2)
r
7→ (2, 3)
r
7→ · · ·
r
7→ (2, n− 1)
r
7→ (n, 2)
r
7→ (3, n)
r
7→ (3, 3)
r
7→ · · ·
r
7→ (n− 1, n− 1)
r
7→ (n, n− 1)
r
7→ (n, n)
r
7→ (1, n)
r
7→ (1, 1).
Hence O(1,1) = X
2 and thus dim(A2) = 1. It is easy to see by induction onm ≥ 2 that dim(Am) = 1.
Hence dimK(⊕
m
i=0Ai) = n+m, for every positive integer m > 1. Therefore GKdim(A) = 1 and this
finishes the proof.
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Remark 3.2 In [12] (see also [27, Chapter 10]) it is shown that, for every integer n > 1 and for
every integer 2 ≤ i ≤ n, there are examples of non-degenerate monoids of skew type M(X, r), with
|X | = n and such that GKdim(A(K,X, r)) = i, for any field K. Furthermore, for every positive
integer k, there are non-degenerate monoids of skew typeM(X, r) such that GKdim(A(K,X, r)) = 1
and |X | = 4k, for any field K (see [11] or [27, Chapter 10]). It is an open problem whether, for
every integer n > 4, there exist non-degenerate monoids of skew type M(X, r) such that |X | = n
and GKdim(A(K,X, r)) = 1, for any field K.
Following [21], we say that a quadratic set (X, r) is SD if r(x, y) = (σx(y), x), for some maps
σx : X −→ X .
Note that if (X, r) is an SD quadratic set, then, since r is bijective, for every x, z ∈ X there
exists a unique y ∈ X such that r(x, y) = (σx(y), x) = (z, x). Hence the maps σx are bijective, for
all x ∈ X , and thus (X, r) is non-degenerate.
In order to state our next result it is convenient to recall the notion of multipermutation solution.
Initially this has been studied for non-degenerate involutive braided sets [17] and later it has been
studied by Lebed and Vendramin [33] for arbitrary non-degenerate braided sets. Let (X, r) be a
non-degenerate braided set. Then the relation ∼, defined on X by x ∼ y if and only if σx = σy and
γx = γy, is an equivalence relation and it induces a non-degenerate braided set (X/ ∼, r), called the
retraction and denoted by Ret(X, r), where r([x], [y]) = ([σx(y)], [γy(x)]). A non-degenerate braided
set is called multipermutation of level n if n is the minimal non-negative integer such that the
underlying set of Retn(X, r) has cardinality one. A non-degenerate braided set is called retractable
if |X/ ∼ | < |X |, and irretractable otherwise. By the definition of the retraction, it is clear that if
(X, r) is SD then so is Ret(X, r).
Theorem 3.3 Let K be a field. Let (X, r) be a finite non-degenerate SD braided set and let A =
A(K,X, r) be its structure K-algebra. Then, dim(A2) ≥
|X|
2 .
Furthermore, if |X | is even then the lower bound |X|2 is reached precisely when all σx, with x ∈ X,
are equal to a cycle σ of length |X |. If |X | is odd then the lower bound |X|+12 is reached when all σx,
with x ∈ X, are equal to a cycle σ of length |X |. In particular, r(a, b) = (σ(b), a) for all a, b ∈ X
and thus the solution (X, r) is an indecomposable multipermutation solution of level 1.
Proof. Write r(a, b) = (σa(b), a), for a, b ∈ X . Let S = {σa | a ∈ X}. For σ ∈ S put Xσ =
{a ∈ X | σa = σ}. Clearly X =
⋃
σ∈S Xσ, a disjoint union. By Lemma 2.5, for a, b ∈ X , we have
σaσb = σσa(b)σa. Let σ ∈ S and assume a, b ∈ Xσ. Then, σσa(b) = σaσbσ
−1
a = σ
2σ−1 = σ. Thus
σσa(b) ∈ Xσ. Therefore, if rσ denotes the restriction of r to X
2
σ then also (Xσ, rσ) is a SD braided
set. Write σ = c1c2 · · · cs as a product of pairwise disjoint nontrivial cycles in SymX . For 1 ≤ j ≤ s,
put
Xσ,j = {a ∈ Xσ | cj(a) 6= a} and Xσ,0{a ∈ Xσ | σ(a) = a}.
We have that Xσ,j 6= ∅ for all 1 ≤ j ≤ s. Note that, for 1 ≤ j ≤ s, the restriction rj of r to X2σ,j
satisfies
rj(a, b) = (cj(b), a)
for all a, b ∈ Xσ,j and r(c, c) = (σ(c), c) = (c, c) for all c ∈ Xσ,0. Hence, for all c ∈ Xσ,0 we have
that {(c, c)} = O(c,c), the r-orbit of (c, c), and (Xσ,j, rj) is a SD braided set for all 1 ≤ j ≤ s.
We claim that, under the action of 〈rj〉, the number of orbits in X2σ,j is
|Xσ,j |
2 if |Xσ,j | is even
and otherwise it is
|Xσ,j |+1
2 . In order to prove the claim we may assume that Xσ,j = Z/(m) and
rj(a, b) = (b+ 1, a) for all a, b ∈ Z/(m). We have
(0, 1)
rj
7→ (2, 0)
rj
7→ (1, 2)
rj
7→ (3, 1)
rj
7→ · · ·
rj
7→ (m− 1, 0)
rj
7→ (1,m− 1)
rj
7→ (0, 1).
By Lemma 2.6
r2kj (a, b) = (c
k
j (a), c
k
j (b)) = (a+ k, b+ k)
and
r2k+1j (a, b) = (c
k+1
j (b), c
k
j (a)) = (b+ k + 1, a+ k)
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for all positive integers k. Let k0 be the smallest positive integer such that r
2k0
j (a, b) = (a, b) or
r2k0+1j (a, b) = (a, b). If r
2k0
j (a, b) = (a, b) then a + k0 = a and b + k0 = b. Hence, k0 = m in this
case. If r2k0+1j (a, b) = (a, b) then b + k0 + 1 = a and a + k0 = b. Thus a − b = k0 + 1 = b − a + 1
in Z/(m). Hence 2(a− b) = 1 and k0 = b − a in Z/(m). So, in this case, m is odd, k0 =
m−1
2 and
(a, b) = (a, a+ k0)
r
7→ (a+ k0 + 1, a) = (a+ k0 + 1, a+m) = (a+ k0 + 1, a+ k0 + 1+ k0). It follows
that
O(a,b) = {(0, k0), (1, k0 + 1), . . . , (m− 1,m− 1 + k0)}
and
|O(a,a+m−12 )
| = |O(a,b)| = |O(a,a+k0)| = m.
Hence, if m is even then all rj -orbits in X
2
σ,j have cardinality 2m and thus there are
m
2 orbits in
this case. On the other hand, if m is odd then all the orbits have cardinality 2m, except
O(a,m−12 +a)
= {(b, b+
m− 1
2
) | b ∈ Z/m}
that has cardinality m. Thus, if m is odd then there are m+12 orbits, and the claim follows.
Hence, the number of r-orbits in X2σ is greater than or equal to
∑
1≤j≤s, |Xσ,j | even
|Xσ,j|
2
+
∑
1≤j≤s, |Xσ,j | odd
|Xσ,j |+ 1
2
+ |Xσ,0| ≥
|Xσ|
2
.
Furthermore, if |Xσ| is even then
|Xσ |
2 is a lower bound, otherwise
|Xσ |+1
2 is a lower bound. The
equality only holds if either |Xσ| is even and σ is a cycle of length |Xσ|, or |Xσ| is odd and σ is a
cycle of length |Xσ|.
The number of r-orbits in X2 is greater than or equal to
∑
σ∈S, |Xσ | even
|Xσ|
2
+
∑
σ∈S, |Xσ| odd
|Xσ|+ 1
2
≥


|X|
2 if |X | is even
|X|+1
2 if |X | is odd
and the equality holds precisely when |S|= 1, σ ∈ S is a cycle of length |X |.
A concrete example that satisfies the lower bounds in Theorem 3.3 is
r : Z/(n)→ Z/(n) : (a, b) 7→ (b + 1, a).
If n even then dim(A(K,Z/(n), r)2) =
n
2 and if n is odd then dim(A(K,Z/(n), r)2) =
n+1
2 .
Note that, in this case, r21(a, b, c) = (a + 1, b + 1, c). Hence (a + c − b, c, c) ∈ O(a,b,c). Now
r
2(a−b)
2 (a+c−b, c, c) = (a+c−b, a+c−b, a+c−b) ∈ O(a,b,c). Since r2r
2
1(x, x, x) = (x+1, x+1, x+1),
we have that (0, 0, 0) ∈ O(a,b,c). Therefore (Z/(n))
3 = O(0,0,0). Thus
dim(A(K,Z/(n), r)3) = 1 = dim(A(K,Z/(n), r)m),
for all m ≥ 3. Hence GKdim(A(K,Z/(n), r)) = 1.
Given a non-degenerate braided set (X, r), Soloviev in [40] introduced its derived solution (X, r′)
as follows. Write r(x, y) = (σx(y), γy(x)) for all x, y ∈ X . Then
r′(x, y) = (γx(σγ−1y (x)(y)), x)
for all x, y ∈ X . Note that structure algebras A = A(K,X, r) = ⊕m≥0Am and A′ = A(K,X, r′) =
⊕m≥0A′m are naturally positively graded algebras (with x ∈ X of degree 1). Because of Proposi-
tion 1.4 in [26] there exists a bijective 1-cocycle φ : M(X, r) → M(X, r′) such that φ(x) = x and φ
is degree preserving. In particular, for any field K,
dim(Am) = dim(A
′
m).
Hence, the number of r′-orbits in X2 is the same as the number of r-orbits in X2. The following is
now an immediate application of Theorem 3.3.
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Corollary 3.4 Let (X, r) be a finite non-degenerate braided set. Let K be a field and A = A(K,X, r),
the structure algebra. Then, dim(A2) ≥
|X|
2 .
Example 3.5 Let (X, r) be the quadratic set, with X = Z/(n), for an integer n > 1, and r(x, y) =
(y − 1, x + 2) for all x, y ∈ X. Then (X, r) is a non-degenerate braided set, its derived solution is
(X, r′), with r′(x, y) = (y + 1, x), for all x, y ∈ X, that we have studied just before Corollary 3.4.
Thus, dim(A(K,X, r)m) = dim(A(K,X, r
′)m) = 1 for all m > 2, so that GKdim(A(K,X, r)) =
GKdim(A(K,X, r′)) = 1 for any field K. Furthermore dim(A(K,X, r)2) = n/2 if n is even, and
dim(A(K,X, r)2) = (n+ 1)/2 if n is odd.
4 Some examples: the dihedral quandles
In this section we study the braided sets associated to the dihedral quandles. These braided sets
will be crucial for the main result of this paper (proved in Section 5).
Note that if (X, r) is a finite 2-cancellative square-free non-degenerate braided set (X, r) of
cardinality n, then the cardinality of each r-orbit in X2 is at most n. Since n2 = n+ (n− 1)n and
X2 has at least n orbits of cardinality 1, we have that X2 has at least 2n− 1 orbits.
The following example is due to Leandro Vendramin (see [21, Remark 4.13]).
Example 4.1 Let K be a field. Let p be a prime number. Then there exists a 2-cancellative,
non-degenerate, square-free braided set (X, r) such that |X | = p and its associated K-algebra A =
A(K,X, r) satisfies dim(A2) = 2p− 1.
Proof. Consider the dihedral group D2p = 〈g, s | g
p = s2 = 1, sgs = g−1〉. Let X = {gks | 0 ≤ k <
p} and let r : X ×X −→ X ×X be the map defined by r(a, b) = (aba−1, a), for all a, b ∈ X . Clearly
(X, r) is a non-degenerate square-free quadratic set. Note that
r(gks, gts) = (gksgtssg−k, gks) = (g2k−ts, gks),
r2(gks, gts) = (g3k−2ts, g2k−ts),
and by induction it is easy to see that for m ≥ 1 we have
rm(gks, gts) = (g(m+1)k−mts, gmk−(m−1)ts).
Let n be the smallest positive integer such that
(gks, gts) = (g(n+1)k−nts, gnk−(n−1)ts).
Then n(k − t) ≡ 0 (mod p). Thus either k ≡ t (mod p) or n = p. Hence (X, r) is 2-cancellative and
dim(A2) = 2p− 1. Note that
r1r2r1(a, b, c) = r1r2(aba
−1, a, c) = r1(aba
−1, aca−1, a) = (abcb−1a−1, aba−1, a)
and
r2r1r2(a, b, c) = r2r1(a, bcb
−1, b) = r2(abcb
−1a−1, a, b) = (abcb−1a−1, aba−1, a).
Hence the result follows.
The example constructed above is the braided set corresponding to the dihedral quandle of order
p. Note that it is isomorphic to the braided set (Z/(p), r), where p is prime and r is defined by
r(k, s) = (2k − s, k), for all k, s ∈ Z/(p).
Proposition 4.2 Let p be an odd prime. Let (X, r) be the braided set corresponding to the di-
hedral quandle of order p. Let K be a field. Let An = SpanK{y1 · · · yn | y1, . . . , yn ∈ X} in
A(K,X, r). Then dim(An) = 2p, for all n ≥ 3, and thus the GK-dimension of A(K,X, r) is
GKdim(A(K,X, r)) = 1.
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Proof. We may assume that X = {xi | i ∈ Z/(p)}, r(xi, xj) = (xσi(j), xi), for all i, j ∈ Z/(p) and
σi(j) = 2i− j. Hence in M(X, r) we have that
xixj = x2i−jxi,
for all i, j ∈ Z/(p). Hence x2i xj = xjx
2
i , for all i, j ∈ Z/(p). Let i, j ∈ Z/(p) be distinct elements.
Note that
xixj = x2i−jxi = x3i−2jx2i−j = · · · = x(t+1)i−tjxti−(t−1)j ,
for all t ∈ Z/(p). Since i 6= j and p is a prime, there exists t ∈ Z/(p) such that (t + 1)i − tj = 0,
thus ti− (t− 1)j = j − i. Hence
xixj = x0xj−i. (1)
Let n be an integer n ≥ 3. We shall prove by induction on n that
(xn0 , . . . , x
n
p−1, x
n−1
0 x1, . . . , x
n−1
0 xp−1, x
n−2
0 x
2
1) (2)
is a basis of An, and therefore dim(An) = 2p.
First consider the map f : X −→ D2p defined by f(xi) = gis. Since gisgjs = gi−j = g2i−jsgis, f
extends to a homomorphism f ′ : M(X, r) −→ D2p. Note that f ′(x
n−2
0 x
2
1) = s
n−2 and f ′(xn−10 xi) =
sn−1gis. Therefore the 2p elements xni , x
n−2
0 x
2
1 and x
n−1
0 xj , for i, j ∈ Z/(p) with j 6= 0, are distinct.
For n = 3, by (1), we have that
{x3i | i ∈ Z/(p)} ∪ {x0x
2
i | i ∈ Z/(p) \ {0}} ∪ {x
2
0xi | i ∈ Z/(p) \ {0}}
generates A3 as a vector space. By (1) and the defining relations of M(X, r), for i 6= 0 we have
x0x
2
i = x1xi+1xi = x1x0x−1 = x1(x1x0) = x0x
2
1,
where the last equality follows because x21 is a central element of M(X, r). Hence
{x3i | i ∈ Z/(p)} ∪ {x0x
2
1} ∪ {x
2
0xi | i ∈ Z/(p) \ {0}}
generates A3. Thus (2) is a basis of An for n = 3.
Suppose that (2) is a basis of An for some n ≥ 3. Let xi1 , . . . , xin+1 ∈ X . Then either xij = xik ,
for all j, k, or there exists 0 ≤ j < n + 1 such that xij 6= xij+1 . In the second case, by (1) and the
defining relations, we have that
xi1xi2 · · ·xin+1xi1 · · ·xij−1 (x0xij+1−ij )xij+2 · · ·xin+1 = x0x−i1 · · ·x−ij−1xij+1−ijxij+2 · · ·xin+1 .
Hence, by the induction hypothesis
{xn+1i | i ∈ Z/(p)} ∪ {x0x
n
i | i ∈ Z/(p) \ {0}} ∪ {x
n
0xi | i ∈ Z/(p) \ {0}} ∪ {x
n−1
0 x
2
1}
generates An+1. We claim that if i 6= 0, then
x0x
n
i =
{
xn0xi if n is odd
xn−10 x
2
1 if n is even
Suppose that n is odd. In this case, since x0x
2
i = x0x
2
1 = x
2
1x0, we have that
x0x
n
i = x0x
n−1
1 xi.
Note also that x0x
2
1 = x
2
−1x0. Hence, we also have that
x0x
n
i = x0x
n−1
−1 xi.
If i 6= 1, then, by (1),
x21xi = x1x0xi−1 = x0x−1xi−1 = x
2
0xi.
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If i = 1, then i 6= −1 and by (1),
x2−1xi = x−1x0xi+1 = x0x1xi+1 = x
2
0xi. (3)
Therefore, since the elements x2j are central in M(X, r), we obtain that
x0x
n
i = x
n
0xi.
Suppose that n is even. In this case, since x0x
2
i = x0x
2
1 = x
2
1x0, we have that
x0x
n
i = x0x
n
1 .
Since x0x
2
1 = x
2
−1x0, we also have that
x0x
n
i = x0x
n−2
−1 x
2
1.
By (3),
x0x
n
i = x
n−1
0 x
2
1.
Hence the claim is proved. Therefore,
{xn+1i | i ∈ Z/(p)} ∪ {x
n
0xi | i ∈ Z/(p) \ {0}} ∪ {x
n−1
0 x
2
1}
generates An+1. Hence, we have proved by induction that (2) is a basis of An for all n ≥ 3 and thus
dim(An) = 2p. By Example 4.1, dim(A2) = 2p− 1. Hence, for every n ≥ 2,
dim(⊕ni=0Ai) = 1 + p+ 2p− 1 + (n− 2)2p = 2pn− p.
Thus GKdim(A(K,X, r)) = 1, and the result is proved.
Note that, for p = 2, the braided set corresponding to the dihedral quandle of order 2 is the
trivial braided set (X, r) of cardinality 2, that is r(x, y) = (y, x), for all x, y ∈ X . In this case
M(X, r) is the free abelian monoid of rank 2 and, for every field K, GKdim(A(K,X, r)) = 2.
The following result completes our discussion of the dihedral quandles and is needed to prove
Theorem 5.3.
Proposition 4.3 Let n be an integer greater than 2. Let (X, r) be the braided set corresponding to
the dihedral quandle of order n. Let K be a field. Then dim(A(K,X, r)2) = 2n− 1 if and only if n
is prime.
Proof. We may assume that X = Z/(n), r(i, j) = (σi(j), i), for all i, j ∈ Z/(n) and σi(j) = 2i− j.
Note that σxσy(z) = z + 2(x− y), for all x, y, z ∈ X . By Corollary 2.7,
r2k+1(x, y) = ((σxσy)
k+1(y), (σxσy)
k(x))
= (y + 2(k + 1)(x− y), x+ 2k(x− y)),
r2k(x, y) = ((σxσy)
k(x), (σxσy)
k(y))
= (x+ 2k(x− y), y + 2k(x− y)),
for all non-negative integers k and x, y ∈ X . Now it is easy to see that (X, r) is 2-cancellative. Hence
dim(A(K,X, r)2) = 2n− 1 if and only if there are n r-orbits of cardinality 1 and n − 1 r-orbits of
cardinality n in X2.
By Example 4.1, if n is prime, then dim(A(K,X, r)2) = 2n− 1.
So, for the remainder of the proof we may suppose that n is not prime.
First, suppose that n is even. Thus n = 2t for some positive integer t. Now σt(0) = 0 and
σ0(t) = t. In this case, the r-orbit of (t, 0) is O(t,0) = {(t, 0), (0, t)}. Therefore dim(A(K,X, r)2) >
2n− 1.
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Second, suppose that n is odd. Then there exist integers 2 < a, b < n such that ab = n. By
Corollary 2.7,
r2k(a, 0) = ((σaσ0)
k(a), (σaσ0)
k(0))
= (a+ 2ka, 2ka)
for all non-negative integers k. Hence the r-orbit of (a, 0) has cardinality |O(a,0)| ≤ 2b < ab = n.
Thus, also in this case, we have that dim(A(K,X, r)2) > 2n− 1.
Therefore, the result follows.
5 Square-free non-degenerate braided sets
In this section we prove the main result of this paper. We begin by proving a lower bound for the
dimension of A(K,X, r)2 where (X, r) is a finite non-degenerate square-free braided set. In the main
results, Theorem 5.5 and Corollary 5.6, we characterise when this lower bound is achieved.
Note that if (X, r) is a square-free quadratic set, then the r-orbits of the elements (x, x) in X2
have cardinality 1. Therefore, if X is finite of cardinality n > 1, then the number of orbits in X2 is
at least n+ 1. The following example shows that this bound is attainable for finite non-degenerate
square-free quadratic sets.
Example 5.1 Let K be a field. Let n > 1 be an integer. Then there exists a square-free non-
degenerate quadratic set (X, r) such that |X | = n and dim(Am) = n + 1 for all m > 1, and its
associated K-algebra A = A(K,X, r) has GK-dimension 1.
Proof. Let X = {1, 2, . . . , n} and let r : X×X −→ X×X be the map defined by r(x, y) = (σx(y), x)
for all x, y ∈ X , where σn−1 = idX , σn = (1, 2, . . . , n−1) and, for i ∈ X\{n−1, n}, the permutations
σi ∈ Symn are defined as follows:
σi = (i+ 1, i+ 2, . . . , n).
Note that
(1, n)
r
7→ (2, 1)
r
7→ (1, 2)
r
7→ · · ·
r
7→ (n− 1, 1)
r
7→ (1, n− 1)
r
7→ (n, 1)
r
7→ (2, n)
r
7→ (3, 2)
r
7→ (2, 3)
r
7→ · · ·
r
7→ (n− 1, 2)
r
7→ (2, n− 1)
r
7→ (n, 2)
r
7→ (3, n)
r
7→ · · ·
r
7→ (n− 1, n)
r
7→ (n, n− 1)
r
7→ (1, n).
Hence (X, r) is a square-free non-degenerate quadratic set. Let A = A(K,X, r). By Remark 2.4,
the number of elements of length 2 in M(X, r) is n+ 1, and thus dim(A2) = n+ 1. It is easy to see
that dim(Am) = n + 1 for all m ≥ 2. Hence dimK(⊕
m
i=0Ai) = (n + 1)m, for every positive integer
m. Therefore GKdim(A) = 1 and this finishes the proof.
The main results of this section are concerned with the minimality condition for finite square-free
non-degenerate braided sets.
Theorem 5.2 Let (X, r) be a finite square-free non-degenerate braided set. Then the number of
r-orbits in X2 is at least 2|X | − 1, that is dimA2 ≥ 2|X | − 1 where A = A(K,X, r).
Proof. Note that the derived braided set (X, r′) of (X, r) also is square-free. Hence, as explained
in Section 3, without loss of generality, we may assume that (X, r) is SD, that is r(a, b) = (σa(b), a),
for all a, b ∈ X and σa ∈ Sym(X). We use the notation introduced in the proof of Theorem 3.3. So
S = {σa | a ∈ X} and Xσ = {a ∈ X | σa = σ}, for σ ∈ S. Hence, X =
⋃
σ∈S Xσ, a disjoint union.
Since, by assumption, (X, r) is square-free, for every σ ∈ S and a, b ∈ Xσ, we have that
r(a, b) = (σa(b), a) = (σ(b), a) = (σb(b), a) = (b, a).
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Thus, the restriction of r to X2σ is the trivial solution. Therefore, for a, b ∈ Xσ, the orbit O(a,b) =
{(a, b), (b, a)}. Hence, there are |Xσ| +
(
|Xσ |
2
)
r-orbits in X2σ. (Note that we agree, as is common,
that
(
1
2
)
= 0.)
Let σ, τ, τ ′ ∈ S be three distinct elements. Let a, a′ ∈ Xσ, b ∈ Xτ and c ∈ Xτ ′ . We claim
that O(a,b) 6= O(a′,c). We prove this by contradiction. So, suppose that O(a,b) = O(a′,c). Then, in
M(X, r), we have that ab = a′c. By the presentation ofM(X, r) and Lemma 2.5, we know that there
is a unique semigroup homomorphism ϕ : M(X, r) → G(X, r) = 〈σa | a ∈ X〉 such that ϕ(a) = σa
for all a ∈ X . Hence, σaσb = σa′σc. So, στ = στ ′, a contradiction. Hence, the claim is proven.
Therefore, if aσ ∈ Xσ for σ ∈ S, then the sets O(aσ ,aτ ) are all different for τ ∈ S \ {σ}. Thus the
number of r-orbits in X2 is greater than or equal to
t = |S| − 1 +
∑
σ∈S
(
|Xσ|+
(
|Xσ|
2
))
.
Since |Xσ|+
(
|Xσ |
2
)
≥ 2|Xσ| − 1 we get that t ≥ |S| − 1 +
∑
σ∈S (2|Xσ| − 1) = 2|X | − 1.
Note that |Xσ|+
(
|Xσ |
2
)
= 2|Xσ| − 1 if and only if 1 ≤ |Xσ| ≤ 2. Thus, if the number of r-orbits
in X2 is 2|X | − 1 then |Xσ| ≤ 2 for all σ ∈ S.
Note that the trivial braided set (X, r) with X = {1, 2} and r(x, y) = (y, x) for all x, y ∈ X , is
a square-free non-degenerate SD braided set, such that σ1 = σ2 = id and the number of r-orbits in
X2 is 3 = 2|X | − 1.
Another example of a finite square-free non-degenerate SD braided set (X, r) such that |Xσ| = 2
for some σ ∈ S and the number of r-orbits in X2 is 2|X | − 1 is the following. Let X = {1, 2, 3} and
r(x, y) = (σx(y), x), for all x, y ∈ X , where σ1 = σ2 = id and σ3 = (1, 2). In this case, the r-orbits
in X2 are:
{(1, 1)}, {(2, 2)}, {(3, 3)}, {(1, 2), (2, 1)}, and {(1, 3), (3, 1), (2, 3), (3, 2)}.
Let (X, r) be a finite non-degenerate square-free braided set. Hence, as before, to study the
number of r-orbits in X2, we may assume that (X, r) is SD, that is r(x, y) = (σx(y), x), for all
x, y ∈ X , where σx ∈ SymX satisfies σx(x) = x, for all x ∈ X .
In the next result we deal with the special case that each |Xσ| = 1, where Xσ = {a ∈ X | σa = σ}
and X =
⋃
σ∈S Xσ.
Theorem 5.3 Let (X, r) be a finite non-degenerate square-free SD braided set. Suppose that |X | > 1
and that the number of r-orbits in X2 is 2|X |−1. Suppose that r(x, y) = (σx(y), x), for all x, y ∈ X,
and that σx 6= σy if x 6= y. Then |X | is an odd prime and (X, r) is the braided set associated to the
dihedral quandle.
Proof. Note that if |X | = 2, then, since (X, r) is non-degenerate and square-free, σx = id for all
x ∈ X , thus we get a contradiction. Hence |X | > 2.
We use the notation introduced in the proof of Theorem 3.3. So S = {σa | a ∈ X} and
Xσ = {a ∈ X | σa = σ}, for σ ∈ S.
By the hypothesis we have that |Xσ| = 1 for all σ ∈ S. Let (x, y), (z, t) ∈ X2 be two elements
in the same r-orbit. By Lemma 2.5, σxσy = σzσt. Since |Xσ| = 1 for all σ ∈ S, we have that
x 6= z if and only if y 6= t. Therefore (X, r) is 2-cancellative. Hence |O(x,y)| ≤ |X |. Note that
if x, y, z ∈ X are 3 distinct elements, then O(x,y) 6= O(x,z). Since the number of r-orbits in X
2 is
2|X |−1 and there are |X | singleton orbits of the form {(x, x)}, we have that the other |X |−1 orbits
are O(x,y) for some fixed element x ∈ X and for all y ∈ X \ {x}. Furthermore, the cardinality of
every non-singleton r-orbit O(x,y) in X
2 is |X |.
Hence every non-singleton r-orbit in X2 is of the form
(a2, a1)
r
7→ (a3, a2)
r
7→ (a4, a3)
r
7→ · · ·
r
7→ (an, an−1)
r
7→ (a1, an)
r
7→ (a2, a1), (4)
where n = |{(ai+1, ai) | i ∈ Z/(n)}| = |X | and X = {a1, a2, . . . , an}.
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By Corollary 2.7,
r2k−1(a2, a1) = ((σa2σa1)
k(a1), (σa2σa1)
k−1(a2)), (5)
r2k(a2, a1) = ((σa2σa1)
k(a2), (σa2σa1)
k(a1)),
for all positive integers k. Let σ = σa2σa1 . Since (X, r) is square-free, σx(x) = x for all x ∈ X .
Suppose that σx(y) = y, for some y 6= x. By Lemma 2.5, σxσy = σyσx. ThenO(x,y) = {(x, y), (y, x)},
because σσy(x) = σyσxσ
−1
y = σx and thus σy(x) = x. But this means that |X | = 2, a contradiction.
Hence x is the only fixed point of σx.
By Lemma 2.6,
σa2k+1 = σ
kσa1σ
−k, σa2k = σ
k−1σa2σ
−k+1, (6)
for all k ∈ Z/(n). In particular σa1 and σa3 are in the same conjugacy class. Now consider the
r-orbit O(a3,a1) of (a3, a1) in X
2. Let b1 = a1 and b2 = a3. Then the orbit O(a3,a1) = O(b2,b1) is of
the form (4) changing the a’s by b’s
(b2, b1)
r
7→ (b3, b2)
r
7→ (b4, b3)
r
7→ · · ·
r
7→ (bn, bn−1)
r
7→ (b1, bn)
r
7→ (b2, b1),
and X = {b1, b2, . . . , bn}. Hence for every x ∈ X , σx is either a conjugate of σa1 or a conjugate of
σa3 . Therefore, all the σaj belong to the same conjugacy class in G(X, r) = 〈σx | x ∈ X〉. In fact,
since σσx(y) = σxσyσ
−1
x , for all x, y ∈ X , we have that S = {σx | x ∈ X} is a conjugacy class in
G(X, r) and has cardinality n. By (5) applied to O(a2,a1) and O(b2,b1), it is clear that G(X, r) acts
transitively on X .
Note also that,
G(X, r) = 〈σx, σy〉 = 〈σx, σyσx〉,
for distinct x, y ∈ X . Let G = G(X, r). Let Z(G) denote the center of G. It follows that Z(G) =
CG(σx)∩CG(σy), for every x 6= y. Let η ∈ Z(G). Since η ∈ CG(σx), we have that η(x) = η(σx(x)) =
σx(η(x)), for all x ∈ X . Since x is the only fixed point of σx, it follows that η(x) = x for all x ∈ X .
Therefore,
CG(σx) ∩CG(σy) = Z(G) = 1 for every x 6= y. (7)
The argument given above also implies that the subgroup Ha1 = {τ ∈ G | τ(a1) = a1} of G
satisfies CG(σa1) ⊆ Ha1 . On the other hand, we know that [G : CG(σa1)] = n. Since G acts
transitively on X , [G : Ha1 ] = n. It follows that Ha1 = CG(σa1 ).
Define Y = {τ ∈ G | τ(x) 6= x for every x ∈ X}. Now, we have
G = CG(σa1) ∪ · · · ∪CG(σan) ∪ Y,
with Y ∩CG(σai) = ∅, for all i = 1, . . . , n. We also know that Hx = CG(σx) for every x. In view of
(7) it follows that
|G| = n|CG(σ1)| = n(|CG(σ1)| − 1) + 1 + |Y |.
So |Y | = n− 1.
If n is odd, n = 2t+ 1, for some t, and by (4) and (5) we get
σ = (a1, a3, . . . an, a2, a4, . . . , a2t).
If n is even, n = 2t, for some t, and by (4) and (5) we get
σ = (a1, a3, . . . an−1)(a2, a4, . . . , a2t).
Hence, in both cases, σ ∈ Y (as it does not have fixed points). Considering the r-orbits O(x,y) in
X2, with x 6= y, we have that σxσy , σ−1y σ
−1
x ∈ Y . Hence Y = {σaiσa1 | i 6= 1}. Therefore, for every
i 6= 1 there exists j 6= 1 such that σ−1ai σ
−1
a1 = σajσa1 . Thus, σaiσaj = σ
−2
a1 . Since a1 is a fixed point
of σa1 , we have that i = j and σ
2
x = id for all x ∈ X . Hence σx is a product of disjoint transpositions
and has a unique fixed point. Therefore |X | is odd.
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But σ is of order n and σ ∈ Y . Therefore Y ∪ {1} = 〈σ〉. Clearly, this implies that 〈σ〉 is a
normal subgroup of G. So, G = 〈σa1 , σ〉 is a semidirect product
G = 〈σ〉⋊ 〈σa1 〉. (8)
Since σσa1 6= σa1σ, it is clear thatG is the dihedral group of order 2n. Let σ(X) = {σx | x ∈ X} ⊂ G.
Note that the map f : X −→ σ(X) is an isomorphism of the braided sets (X, r) and (σ(X), s), where
s(σx, σy) = (σxσyσ
−1
x , σx), for all x, y ∈ X . Hence (X, r) is the braided set associated to the dihedral
quandle of cardinality n. Therefore, by Proposition 4.3, n is prime and the result follows.
The following technical lemma is another intermediate step that is needed to prove the main
result of this section. We study the number of s-orbits of a non-degenerate square-free SD braided
set (Y, s) such that Yσ = {a ∈ Y | σa = σ} has cardinality 2 for all σ ∈ S = {σy | y ∈ Y } and
Ret(Y, s) is the braided set associated to the dihedral quandle of odd prime cardinality.
Lemma 5.4 Let p be an odd prime. Let X = Z/(p) and let r : X2 −→ X2 be the map defined by
r(i, j) = (σi(j), i), where σi(j) = 2i − j, for all i, j ∈ X. We know that (X, r) is the braided set
associated to the dihedral quandle. Let Y = X × {1, 2}. Let s : Y 2 −→ Y 2 be a map such that:
(1) s((i,m1), (j,m2)) = (σ(i,m1)(j,m2), (i,m1)), for all (i,m1), (j,m2) ∈ Y .
(2) (Y, s) is a non-degenerate square-free SD braided set.
(3) σ(i,1) = σ(i,2), for all i, j ∈ X.
(4) The natural projection Y −→ X is a homomorphism of braided sets from (Y, s) to (X, r).
Then the number of s-orbits in Y 2 is greater than 2|Y | − 1.
Proof. By (3) and (4), note that σ(i,m1)(j,m2) = (σi(j), α(i,j)(m2)), for some α(i,j) : {1, 2} −→
{1, 2}, for all i, j ∈ X andm1,m2 ∈ {1, 2}. Since (Y, s) is non-degenerate, σ(i,m1)(j, 1) 6= σ(i,m1)(j, 2).
Hence α(i,j)(1) 6= α(i,j)(2) and thus α(i,j) ∈ Sym2. Since (Y, s) is square-free, α(i,i) = id, for all i ∈ X .
By Lemma 2.5, σ(i,m1)σ(j,m2) = σ(σi(j),α(i,j)(m2))σ(i,m1). Hence
σ(i,m1)σ(j,m2)(k,m3) = σ(σi(j),α(i,j)(m2))σ(i,m1)(k,m3).
Since
σ(i,m1)σ(j,m2)(k,m3) = σ(i,m1)(σj(k), α(j,k)(m3)) = (σi(σj(k)), α(i,σj (k))α(j,k)(m3))
and
σ(σi(j),α(i,j)(m2))σ(i,m1)(k,m3) = σ(σi(j),α(i,j)(m2))(σi(k), α(i,k)(m3))
= (σσi(j)σi(k), α(σi(j),σi(k))α(i,k)(m3)),
we have that
α(i,σj(k))α(j,k) = α(σi(j),σi(k))α(i,k), (9)
for all i, j, k ∈ X . For i = σj(k) and since α(σj(k),σj(k)) = id, we get
α(j,k) = α(σσj(k)(j),σσj (k)(k))α(σj(k),k), (10)
for all j, k ∈ X . Hence, by (10) and the definition of σx, we have
α(j,k) = α(σσj(k)(j),σσj (k)(k))α(σj(k),k)
= α(σ2j−k(j),σ2j−k(k))α(2j−k,k)
= α(3j−2k,4j−3k)α(2j−k,k)
= α(σσ3j−2k(4j−3k)(3j−2k),σσ3j−2k (4j−3k)(4j−3k))α(σ3j−2k(4j−3k),4j−3k)α(2j−k,k)
= α(σ2j−k(3j−2k),σ2j−k(4j−3k))α(2j−k,4j−3k)α(2j−k,k)
= α(j,k)α(2j−k,4j−3k)α(2j−k,k) ,
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and thus α(2j−k,4j−3k) = α(2j−k,k), for all j, k ∈ X . Therefore
α(t,2t−k) = α(t,k), (11)
for all t, k ∈ X .
Claim: We shall prove that ∏
y∈X
α(x+y,y) = id,
for all x ∈ X .
By (10) and the definition of σi, we have
∏
y∈X
α( x2 +y,y) =
∏
y∈X
α(σσ x
2
+y(y)
( x2+y),σσ x
2
+y(y)
(y))α(σ x
2
+y(y),y)
=
∏
y∈X
α(σx+y( x2 +y),σx+y(y))α(x+y,y)
=
∏
y∈X
α( 3x2 +y,2x+y)α(x+y,y)
=
∏
y∈X
α( 3x2 +y,2x+y)
∏
y∈X
α(x+y,y)
By (11), α( 3x2 +y,2x+y) = α(
3x
2 +y,x+y)
= α( x2 +(x+y),x+y), for all x, y ∈ X . Hence
∏
y∈X
α( 3x2 +y,2x+y) =
∏
y∈X
α( x2 +x+y,x+y) =
∏
z∈X
α( x2+z,z).
We thus get that
∏
y∈X
α( x2 +y,y) =
∏
y∈X
α( 3x2 +y,2x+y)
∏
y∈X
α(x+y,y) =
∏
z∈X
α( x2+z,z)
∏
y∈X
α(x+y,y)
and thus
∏
y∈X
α(x+y,y) = id .
This proves the Claim.
Let k be a positive integer, let m1,m2 ∈ {1, 2} and let x, y ∈ X . We shall prove by induction on
k that
s2k((x+ y,m1), (y,m2)) (12)
= (((2k + 1)x+ y, α(2kx+y,(2k−1)x+y)α((2k−2)x+y,(2k−3)x+y) · · ·α(2x+y,x+y)(m1)),
(2kx+ y, α((2k−1)x+y,(2k−2)x+y)α((2k−3)x+y,(2k−4)x+y) · · ·α(x+y,y)(m2))).
For k = 1, we have
s2((x + y,m1), (y,m2)) = s((σx+y(y), α(x+y,y)(m2)), (x + y,m1))
= s((2x+ y, α(x+y,y)(m2)), (x + y,m1))
= ((σ2x+y(x+ y), α(2x+y,x+y)(m1)), (2x+ y, α(x+y,y)(m2)))
= ((3x+ y, α(2x+y,x+y)(m1)), (2x+ y, α(x+y,y)(m2))).
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Thus (12) is true for k = 1. Suppose that k > 1 and (12) holds for k−1. By the induction hypothesis
and the definition of s, we have
s2k((x + y,m1), (y,m2))
= s2(((2(k − 1) + 1)x+ y,
α(2(k−1)x+y,(2(k−1)−1)x+y)α((2(k−1)−2)x+y,(2(k−1)−3)x+y) · · ·α(2x+y,x+y)(m1)),
(2(k − 1)x+ y, α((2(k−1)−1)x+y,(2(k−1)−2)x+y)α((2(k−1)−3)x+y,(2(k−1)−4)x+y) · · ·α(x+y,y)(m2)))
= s((σ(2(k−1)+1)x+y(2(k − 1)x+ y),
α((2(k−1)+1)x+y,2(k−1)x+y)α((2(k−1)−1)x+y,(2(k−1)−2)x+y) · · ·α(x+y,y)(m2)),
((2(k − 1) + 1)x+ y,
α(2(k−1)x+y,(2(k−1)−1)x+y)α((2(k−1)−2)x+y,(2(k−1)−3)x+y) · · ·α(2x+y,x+y)(m1)))
= s(2kx+ y, α((2k−1)x+y,(2k−2)x+y)α((2k−3)x+y,(2k−4)x+y) · · ·α(x+y,y)(m2)),
((2k − 1)x+ y, α((2k−2)x+y,(2k−3)x+y)α((2k−4)x+y,(2(k−5)x+y) · · ·α(2x+y,x+y)(m1)))
= ((σ2kx+y((2k − 1)x+ y), α(2kx+y,(2k−1)x+y))α((2k−2)x+y,(2k−3)x+y) · · ·α(2x+y,x+y)(m1),
(2kx+ y, α((2k−1)x+y,(2k−2)x+y)α((2k−3)x+y,(2k−4)x+y) · · ·α(x+y,y)(m2)))
= ((2k + 1)x+ y, α(2kx+y,(2k−1)x+y)α((2k−2)x+y,(2k−3)x+y) · · ·α(2x+y,x+y)(m1),
(2kx+ y, α((2k−1)x+y,(2k−2)x+y)α((2k−3)x+y,(2k−4)x+y) · · ·α(x+y,y)(m2))).
Therefore (12) follows by induction.
Now we shall prove that s2p((x+y,m1), (y,m2)) = ((x+y,m1), (y,m2)) and therefore the s-orbit
O((x+y,m1),(y,m2)) of ((x + y,m1), (y,m2)) in Y
2 has cardinality less than or equal to 2p. By (12)
s2p((x+ y,m1), (y,m2))
= (((2p+ 1)x+ y, α(2px+y,(2p−1)x+y)α((2p−2)x+y,(2p−3)x+y) · · ·α(2x+y,x+y)(m1)),
(2px+ y, α((2p−1)x+y,(2p−2)x+y)α((2p−3)x+y,(2p−4)x+y) · · ·α(x+y,y)(m2))).
Note that, by the Claim,
p∏
k=1
α(2kx+y,(2k−1)x+y) =
∏
k∈X
α(2kx+y,(2k−1)x+y) = id
and
p∏
k=1
α((2k−1)x+y,(2k−2)x+y) =
∏
k∈X
α((2k−1)x+y,(2k−2)x+y) = id .
Hence s2p((x + y,m1), (y,m2)) = ((x + y,m1), (y,m2)). Therefore the orbit O((x+y,m1),(y,m2)) has
cardinality less than or equal to 2p, as claimed. Now in Y 2 we have 2p singleton orbits of the form
{((x, s), (x, s))} and p orbits of the form
{((x, 1), (x, 2)), ((x, 2), (x, 1))}.
Since 4p2 = 4p+ 4p(p − 1) and the cardinality of any orbit is less than or equal to 2p, we have at
least 2p+ p+ 2(p− 1) orbits. Since 2p+ p+ 2(p− 1) > 4p− 1 = 2|Y | − 1, the result follows.
We now are ready to prove the main result of this section.
Theorem 5.5 Let (X, r) be a finite non-degenerate square-free SD braided set. Suppose that |X | > 1
and that the number of r-orbits in X2 is 2|X | − 1. Then, up to isomorphism, one of the following
holds
1. |X | is an odd prime and (X, r) is the braided set associated to the dihedral quandle,
2. |X | = 2 and (X, r) is the trivial braided set,
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3. X = {1, 2, 3} and σ1 = σ2 = id, σ3 = (1, 2).
Proof. Suppose that |X | = n. In view of the comment after Theorem 5.2, we may assume that
X = Xσ1 ∪ · · · ∪ Xσr ∪ Xσr+1 ∪ · · · ∪ Xσk , a disjoint union, where |Xσi | = 2 for i = 1, . . . , r and
|Xσi | = 1 for i = r + 1, . . . , k. It follows from the proof of Theorem 5.2 that each of the 2n − 1
r-orbits in X2 is of one of the following types:
• {(i, i)}, i ∈ X ,
• {(i, i′), (i′, i)} where Xσj = {i, i
′}, for j = 1, . . . , r, and i 6= i′,
• O(j,1), where j ∈ Xσj for j = 2, . . . , k.
Recall that Ret(X, r) also is a non-degenerate square-free SD braided set (Y, s). Note that |Y | = k.
Because of the previous, Y 2 is covered also by 2k−1 s-orbits and, by Theorem 5.2, these are distinct
orbits, so the retract Ret(X, r) inherits the minimality assumption on (X, r), about the number of
r-orbits in X2.
Then, by Theorem 5.3, there exists a positive integer m such that the m-th retract Retm(X, r) is
either a trivial braided set or it is the braided set associated to a dihedral quandle of odd prime order.
We choose the minimal such number m. If m = 0 then the assertion follows from Theorem 5.3.
So, assume thatm ≥ 1. Suppose first that ([X ]m, [r]m) = Ret
m(X, r) is the braided set associated
to the dihedral quandle of an odd prime order. Clearly G(X, r) acts transitively on [X ]m. Since
Xσ1 ∪ · · · ∪ Xσr is an orbit under the action of the group G(X, r) it follows that r = k. However,
this is in contradiction with Lemma 5.4.
Thus, for the remainder of the proof we may assume thatm ≥ 1 and ([X ]m, [r]m) = Ret
m(X, r) is
trivial. HenceM([X ]m, [r]m) is a free abelian monoid of rank |[X ]m| and thus dim(A(K, [X ]m, [r]m)2) =
|[X]m|(|[X]m|+1)
2 . Because of Theorem 5.2 (and the minimality of m) we thus obtain that |[X ]m| = 2.
Thus ([X ]m, [r]m) is trivial of cardinality 2. Put ([X ]m−1, [r]m−1) = Ret
m−1(X, r), where [X ]0 =
X . Since [X ]m−1 also has a decomposition as outlined in the beginning of the proof, one easily verifies
that ([X ]m−1, [r]m−1) either is isomorphic to the braided set described in part (3) of the statement
of the result, or [X ]m−1 = {1, 1′, 2, 2′} and σ1 6= σ2, σ1 = σ1′ either is id or (2, 2′), and σ2 = σ2′
either is id or (1, 1′). In the three cases, it is easy to see that we get more than 7 [r]m−1-orbits in
([X ]m−1)
2, and thus the minimality condition is not satisfied in this case, a contradiction.
Hence, we are left to deal with the case that [X ]m−1 = {1, 2, 3} and with corresponding permu-
tations σ′1 = σ
′
2 = id, σ
′
3 = (1, 2), that is a braided set isomorphic to the braided set described in
part (3) of the statement of the result. If m > 1 then there are the following possibilities for the set
[X ]m−2, where ([X ]m−2, [r]m−2) = Ret
m−2(X, r):
(i) {1, 1′, 2, 3}, or symmetrically {1, 2, 2′, 3},
(ii) {1, 1′, 2, 2′, 3},
(iii) {1, 2, 3, 3′},
(iv) {1, 2, 2′, 3, 3′}, or symmetrically {1, 1′, 2, 3, 3′},
(v) {1, 1′, 2, 2′, 3, 3′}.
Here, in each case we mean that σi = σi′ for every i, and σ1, σ2, σ3 are distinct.
Since σ′1 = id, it follows that σ1 must be one of the following permutations: id, (2, 2
′), (3, 3′),
or (2, 2′)(3, 3′). Similarly, since σ2 = id, we get that σ2 is one of the following permutations:
id, (1, 1′), (3, 3′), or (1, 1′)(3, 3′). Finally, it is easy to see that σ3 has one of the following forms:
(1, 2) or (1, 2)(1′, 2′) or (1, 2, 1′, 2′) (or maybe 1, 1′ and/or 2, 2′ have to be switched).
So, by Lemma 2.5, we always have σ3σ1 = σ2σ3, because σ3(1) = 2 or 2
′. Thus, only cases (ii) or
(v) are possible (σ1, σ2 are conjugate by σ3 but not equal). But, again by Lemma 2.5, σ1σ3 = σ3σ1
because σ1(3) = 3 or 3
′. Then σ1 = σ2, which is a contradiction. So there are no braided sets of
this type. Therefore, m = 1 and (X, r) is of type as described in part (3) of the statement of the
result. This completes the proof of the theorem.
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Note that the dihedral quandles of cardinality an odd prime are simple quandles (see [30]). Thus
this also answers Open Questions 4.3.1 (1) and (2) in [21]. On the other hand, the non-singleton
orbits in X3 under the action of the group 〈r1, r2〉 in the above type (3) have not the same cardinality.
In fact, |O(1,1,3)| = 12, |O(1,3,3)| = 6 and |O(1,1,2)| = |O1,2,2| = 3. Therefore this answers in the
negative Open Question 4.1.2 in [21].
As before, using Proposition 1.4 in [26], we derive the main result of this paper, as the fol-
lowing immediate consequence of Theorem 5.5. This solves another problem of Gateva-Ivanova
(Question 3.18 (2) in [21]).
Corollary 5.6 Let (X, r) be a finite square-free non-degenerate braided set (not necessarily SD)
such that |X | > 1 and the number of r-orbits in X2 is 2|X | − 1. Then |X | is a prime number.
Furthermore, its derived solution (X, r′) is one of the braided sets described in the statement of
Theorem 5.5 and dim(A(K,X, r)m) = dim(A(K,X, r
′)m) for every nonnegative integer m and any
field K.
6 Solutions extending cycles
In [21] Gateva-Ivanova provided several examples of 2-cancellative SD square-free solutions (X, r)
that contain a given r-orbit of cardinality |X |. In this section we prove that such solutions always
exist. Furthermore, if |X | is odd, we prove that there is precisely one solution. Hence, we give a
complete solution of Problem 4.3.2. in [21].
The following well-known lemma will be needed.
Lemma 6.1 Let X be a set of cardinality n > 1. Let (x1, . . . , xn), (y1, . . . , yn) ∈ SymX be cyclic
permutations of length n. Then the permutation σ ∈ SymX defined by σ(xi) = yi, for all 1 ≤ i ≤ n,
is the unique permutation such that σ(x1) = y1 and σ(x1, . . . , xn)σ
−1 = (y1, . . . , yn).
Here is our final result.
Proposition 6.2 Let n be an integer greater than 1. Let X = {b1, . . . , bn} be a set of cardinality n.
Let O = {(ai, bi) | 1 ≤ i ≤ n} be a subset of X2. Let r0 ∈ SymO be a cyclic permutation of order n:
(a1, b1) 7→r0 (a2, b2) 7→r0 · · · 7→r0 (an, bn) 7→r0 (a1, b1),
where {a1, . . . , an} = X and ai 6= bi, for 1 ≤ i ≤ n. Then there exists an extension r : X ×X −→
X ×X of r0 such that (X, r) is a 2-cancellative square-free SD braided set, with r(x, y) = (σx(y), x)
and σ2x = id, for all x ∈ X, if and only if an = b1 and ai = bi+1 for 1 ≤ i ≤ n− 1. Furthermore, in
this case, if n is odd then (X, r) is unique.
Proof. It is clear that if (X, r) is a 2-cancellative square-free SD braided set, with r(x, y) = (σx(y), x)
and σ2x = id, for all x ∈ X , and the restriction of r to O is r0, then an = b1 and ai = bi+1 for
1 ≤ i ≤ n− 1.
Suppose that an = b1 and ai = bi+1 for 1 ≤ i ≤ n − 1. We may assume that X = {1, 2, . . . , n}
and bi = i, for all i. Hence
(2, 1) 7→r0 (3, 2) 7→r0 (4, 3) 7→r0 · · · 7→r0 (n, n− 1) 7→r0 (1, n) 7→r0 (2, 1).
We shall prove that there exists a 2-cancellative square-free SD braided set (X, r), with r(x, y) =
(σx(y), x) and σ
2
x = id, for all x ∈ X , such that the restriction of r to O is r0.
Note that the σi should be elements in SymX such that σi(i − 1) = i + 1, for 2 ≤ i ≤ n − 1,
σn(n− 1) = 1 and σ1(n) = 2. Furthermore, by Lemma 2.5 and since σ2j = id, we have
σi = σi−1σi−2σi−1,
for all 3 ≤ i ≤ n, σ1 = σnσn−1σn and σ2 = σ1σnσ1. We shall prove by induction on i that
σi = (σ2σ1)
i−2σ2, (13)
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for all 3 ≤ i ≤ n. For i = 3, the result is true. For i = 4 ≤ n,
σ4 = σ3σ2σ3 = σ2σ1σ2σ2σ2σ1σ2 = (σ2σ1)
2σ2.
Suppose that 4 < i ≤ n and that (13) is true for i− 1 and i− 2. Now, by the induction hypothesis,
we have
σi = σi−1σi−2σi−1
= (σ2σ1)
i−3σ2(σ2σ1)
i−4σ2(σ2σ1)
i−3σ2
= (σ2σ1)
i−3σ2σ2(σ1σ2)
i−4(σ2σ1)
i−3σ2
= (σ2σ1)(σ2σ1)
i−3σ2
= (σ2σ1)
i−2σ2.
Therefore (13) follows by induction. Since σ1 = σnσn−1σn, a similar argument shows that
σ1 = (σ2σ1)
n−1σ2.
Hence (σ2σ1)
n = id.
Since (X, r) should be square-free, by Corollary 2.7, we have that
(2k, 2k − 1) = (a2k−1, b2k−1) = r
2(k−1)(a1, b1) = ((σ2σ1)
k−1(2), (σ2σ1)
k−1(1)) (14)
and
(2k + 1, 2k) = (a2k, b2k) = r
2k−1(a1, b1) = ((σ2σ1)
k(1), (σ2σ1)
k−1(2)), (15)
for all 2 ≤ k ≤ (n− 1)/2. Let σ = σ2σ1 ∈ Symn. Note that σ2σσ
−1
2 = σ2σσ2 = σ1σ2 = σ
−1.
Suppose that n is odd. In this case, n = 2t + 1, for some t, and the above conditions (14) and
(15) imply that
σ = (2, 4, 6, . . . , 2t, 1, 3, 5, . . . , 2t+ 1).
Since σ2(2) = 2 and σ2σσ
−1
2 = σ
−1, by Lemma 6.1, σ2 = (4, 2t+ 1)(6, 2t− 1) · · · (2t, 5)(1, 3). Thus
(X, r) is the solution corresponding to the dihedral quandle.
Suppose that n is even. In this case, n = 2t, for some t, and (14) and (15) imply
σ = (2, 4, 6, . . . , 2t)(1, 3, 5, . . . , 2t− 1).
Note that σ−1 = (2, 2t, 2t− 2, . . . , 6, 4)(2t− 1, 2t− 3, . . . , 3, 1). By Lemma 6.1, since σ2(2) = 2, the
restriction of σ2 to {2, 4, . . . , 2t} should be equal to
(4, 2t)(6, 2(t− 1)) · · · (2
⌊
t+ 1
2
⌋
, 2
⌈
t+ 3
2
⌉
).
Also by Lemma 6.1, there are t possibilities for the restriction of σ2 to {1, 3, 5, . . . , 2t−1} depending
on the value of σ2(1) ∈ {1, 3, 5, . . . , 2t− 1}. Thus, σ2 is one of the following permutations.
σ2,j = (4, 2t)(6, 2(t− 1)) · · · (2
⌊
t+ 1
2
⌋
, 2
⌈
t+ 3
2
⌉
)τj ,
where τj(x) = x, for all x ∈ {2, 4, 6, . . . , 2t}, and
τk(1) = 2k − 1, τk(3) = 2k − 3, . . . , τk(2k − 1) = 1,
τk(2k + 1) = 2t− 1, τk(2k + 3) = 2t− 3, . . . , τk(2t− 1) = 2k + 1,
for 1 ≤ k < t; and
τt(1) = 2t− 1, τt(3) = 2t− 3, . . . , τt(2t− 1) = 1.
We shall check for which of these t possibilities (X, r) is a braided set. By Lemma 2.5 we should
check when
σxσy = σσx(y)σx,
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for all x, y ∈ X , because γy = id for every y ∈ X .
By (13)
σxσy = σ
x−2σ2σ
y−2σ2 = σ
x−y,
for all 1 ≤ x, y ≤ n. If y is even and 4 ≤ y ≤ 2t, then
σx(y) = σ
x−2σ2(y) = σ
x−2(2t− y + 4) ≡ 2t− y + 4 + 2(x− 2) ≡ 2x− y (mod 2t),
and we have that
σσx(y)σx = σ
2x−y−2σ2σ
x−2σ2 = σ
x−y.
If y = 2, then
σx(2) = σ
x−2σ2(2) = σ
x−2(2) ≡ 2 + 2(x− 2) ≡ 2x− 2 (mod 2t),
and we have that
σσx(2)σx = σ
2x−2−2σ2σ
x−2σ2 = σ
x−2.
Hence
σxσy = σσx(y)σx,
for all x, y ∈ X with y even.
Suppose that y is odd and σ2(1) = 2j − 1. We have
σx(y) = σ
x−2σ2(y) ≡ 2(x− 2) + τj(y) ≡ 2(x− 2) + 2j − y (mod 2t)
and we have that
σσx(y)σx = σ
2x+2j−y−6σ2σ
x−2σ2 = σ
x+2j−y−4.
Thus
σxσy = σσx(y)σx,
if and only if σx−y = σx−y+2j−4. Hence (X, r) is a braided set if and only if σ2 = σ2,j and
2j − 4 ≡ 0 (mod t), because σ has order t. If t is odd, then this happens if and only if j = 2. If t is
even, then this happens if and only if either j = 2 or j = 2 + t/2.
Hence we have proved that if n ≡ 2 (mod 4), then (X, r) with r(x, y) = (σx(y), x), σ2 = σ2,2,
σ = (2, 4, 6, . . . , 2t)(1, 3, 5, . . . , 2t− 1) and σx = σx−2σ2, for all x ∈ X , is the unique square-free SD
braided set such that the restriction of r to O is r0.
We have also proved that if n ≡ 0 (mod 4), then (X, r) with r(x, y) = (σx(y), x), σ2 = σ2,2,
σ = (2, 4, 6, . . . , 2t)(1, 3, 5, . . . , 2t− 1) and σx = σx−2σ2, for all x ∈ X , is a square-free SD braided
set such that the restriction of r to O is r0. But in this case, we also obtain another square-free SD
braided set (X, s) such that the restriction of s to O is r0, with s(x, y) = (σx(y), x), σ2 = σ2,2+t/2
and σ = (2, 4, 6, . . . , 2t)(1, 3, 5, . . . , 2t− 1) and σx = σx−2σ2, for all x ∈ X .
To finish the proof it remains to prove that the three types of braided sets that we have obtained
are 2-cancellative.
Let (X, r) be one of the three types of braided sets that we have obtained with |X | = n. We know
that σxσy = σ
x−y. Since (X, r) is square-free non-degenerate, by Corollary 2.7, for every positive
integer k,
r2k−1(x, y) = ((σxσy)
k(y), (σxσy)
k−1(x)) = (σk(x−y)(y), σ(k−1)(x−y)(x)),
r2k(x, y) = ((σxσy)
k(x), (σxσy)
k(y)) = (σk(x−y)(x), σk(x−y)(y)).
Assume for example that xy = xy′ in M(X, r), for some x, y, y′ ∈ X (the other case is symmetric).
Then we have to look at two possible cases: either (x, y′) = r2k−1(x, y) or (x, y′) = r2k(x, y),
for some k. In the former case this means that σk(x−y)(y) = x. And we need to prove that y′ =
σ(k−1)(x−y)(x) = y. But x = σk(x−y)(y) means (by the definition of σ) that x ≡ y+2k(x−y) (modn).
Then y ≡ 2(k − 1)(x − y) + x (modn), which implies that y = σ(k−1)(x−y)(x). And in the latter
case we have σk(x−y)(x) = x and we need to prove that y′ = σk(x−y)(y) = y. So, by the definition
of σ, x ≡ x+2k(x− y) (modn) and then y′ ≡ y+2k(x− y) ≡ y (modn). Hence σk(x−y)(y) = y, as
desired.
So 2-cancellativity follows and the proof of the proposition is completed.
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